ABSTRACT. We consider the Cahn-Hilliard equation -a fourth-order, nonlinear parabolic diffusion equation describing phase separation of a binary alloy which is quenched below a critical temperature. The occurrence of two phases is due to a nonconvex double well free energy. The evolution initially leads to a very fine microstructure of regions with different phases which tend to become coarser at later times.
INTRODUCTION
It is the aim of this paper to present a fast and reliable numerical method for the CahnHilliard equation with elasticity. The Cahn-Hilliard model was introduced in [4, 5] to describe phase separation and coarsening in binary alloys. Phase separation occurs when a uniform mixture of the alloy is quenched below a certain critical temperature underneath which the uniform mixture becomes unstable. As a result a very fine microstructure of two spatially separated phases with different concentrations develops. In later stages of the evolution on a much longer time scale than the initial phase separation the structures become coarser: either by merging of particles or by the growth of bigger particles at the cost of smaller ones. Numerical simulations of these phenomena are shown in Section 6. There is an extensive mathematical literature on the Cahn-Hilliard equation and for reviews we refer to Elliott [11] and Novick-Cohen [23] .
In many systems the elastic behaviour of the two components making up the alloy are different. Hence, the two phases might have different elastic properties as for example due to different lattice spacing. The resulting elastic effects have a pronounced impact on the evolving coarsening morphology and hence on the material properties. Figure 1 gives a first impression on how elastic effects change the behaviour of the system. The complete sequences are shown in Section 6. Although these effects have been studied a lot in the materials science and physics literature (see Fratzl, Penrose and Lebowitz [15] for an 
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with a constant ¾´¼ ½℄. We note that the system is locally in one of the two phases if the value of the concentration difference is close to one of the two minima ¦ of .
The second one describes the interfacial energy of the system and it is assumed that the parameter is positive which implies that gradients are penalized. The effect of this term is that the total amount of transition zones is accounted for in the energy. This can be made precise in the limit when the thickness of the interfaces tends to zero (see Modica [21] ).
The third term accounts for energy contributions due to elastic effects. Since the deformations that appear in applications are usually small, the theory is based on linear elasticity and therefore the strain tensor is given by
In the case of homogeneous elasticity, i.e. in the case that the elastic constants in the two phases are the same, the elastic energy is (see e.g. [14, 15, 19] )
Here, is the possibly anisotropic elasticity tensor which we assume to be positive definite and complying with the usual symmetry conditions of linear elasticity. The term ´ µ is the stress free strain at a concentration . This is the value the strain tensor would take if the material is uniform with concentration . We will assume that Vegard's law is satisfied, i.e. the stress free strain is isotropic and varies linearly with the concentration. Hence (see [15] ), ´ µ ´ µ½ with constants and . In the following we will take ¼ which means that we take a reference state that is a uniform mixture of the two components. is the stress tensor. Since the relaxation into mechanical equilibrium occurs on a time scale that is fast compared to the time scale at which diffusion takes place we assume quasistatic equilibrium for the deformation. Hence, AE AEÙ ¼ which implies ÚË ¼. Summing up the system comprises the following two equations for and Ù on ª Ì :
The system is supplemented with the following boundary and initial conditions
where is the outer unit normal to ª and ¼ ¾ À ½´ª µ are the initial data. For an existence and uniqueness result for the problem (1.3)-(1.7) we refer to Garcke [17] .
We remark that with the boundary conditions (1.6) mass is conserved and that the GinzburgLandau free energy is a Lyapunov functional, i.e. we have In Figure 2 we plot how the different parts of the energy evolve in time. The numerical simulation upon which the results is based used an initial value which was a random perturbation of a uniform mixture ÓÒ×Ø. In the beginning the chemical energy decreases whereas the interfacial energy increases. This is due to the fact that during phase separation attains values which are at large portions of the domain close to the minima of the chemical energy . As the transition zones between these regions are characterized by large gradients of the Dirichlet energy given by the second term in 1.2 increases.
In the second stage of the evolution when the structures become coarser the total amount of transition zones decreases. Correspondingly the amount of interfacial energy becomes smaller again. For the same reason the chemical energy decreases but at a much slower rate than during the initial phase.
One also observes that at later stages of the evolution the elastic energy part becomes larger compared to the two other ones. This is the case since for larger particles elastic energy contributions are bigger compared to the interfacial energy, whereas for small particles it is vice versa (see for example Fratzl, Penrose and Lebowitz [15] ).
At first, we will introduce a semi-discrete finite element approximation for the CahnHilliard equation with elasticity. The discretization is based on an ansatz with continuous, piecewise linear finite elements for , Û and Ù (see also Elliott, French and Milner [12] for the case of the Cahn-Hilliard equation without elasticity). For the discretization in time we state two possibilities. One is the standard implicit Euler scheme and the second one is the strongly A-stable -splitting scheme (see Bristeau, Glowinski and Periaux [3] and Müller Urbaniak [22] ). For the semi-discrete scheme we will show optimal error estimates in Ä ¾ which generalizes results of Elliott, French and Milner [12] to the case that elastic effects are included into the Cahn-Hilliard model.
In the case of the implicit Euler scheme, we state a Lyapunov property of a discrete free energy and an error estimate for the fully discrete scheme (again compare [11] for the case without elasticity).
For practical computations we choose the -splitting scheme which -due to its stability properties -allows for large time steps which are practically independent of the space discretization (see Table 1 ). The efficiency of our approach is further increased by an adaptive grid refinement and coarsening strategy. Here, we used a heuristic strategy which refines in interfacial regions and coarsens in the pure phases.
A major part of the paper is devoted to the presentation of numerical simulations showing several qualitative properties of solutions of the Cahn-Hilliard equation with elasticity. First we show a splitting phenomenon demonstrating that inverse coarsening can happen locally for some time already in the case of the Cahn-Hilliard equation without elasticity.
We then demonstrate that a cubic anisotropy in the elastic energy has a pronounced effect on the particle shape. With no elastic contribution to the energy the phase boundaries tend to be round, whereas with elasticity a tendency towards a rectangular (or cubic) shape can be observed which is stronger for larger particles. Finally, we made computations setting the gradient energy coefficient to zero. If also the elastic energy part is zero the resulting evolution equation would be a second order forward backward parabolic equation which consequently would be ill-posed. We now observe that in the numerical experiments with ¼ and elastic effects present the elastic part has a regularizing effect. The numerical simulations show that rectangular phase regions appear which are separated by sharp interfaces. This regularizing effect is remarkable and deserves further study.
Finally, let us mention that there have been several numerical studies for the Cahn-Hilliard equation with elasticity which were based on Fourier transforms and spectral theory. We refer to the work of Leo, Lowengrub and Jou [20] , Dreyer and Müller [9] and Gitt [18] and the references therein for these approaches. For the numerical analysis of the Cahn-Hilliard equation with a more physical logarithmic free energy we refer to Copetti and Elliott [8] and Barrett and Blowey [1, 2] .
WEAK FORMULATION AND DISCRETIZATION
Testing the equations ( 
where´ µ is the Ä ¾ -scalar product and is the duality pairing between the Sobolev space À ½´ª µ and its dual À ½´ª µ £ .
As the operator has the nontrivial kernel the displacement Ù is not uniquely determined. The source of this nonuniqueness is that translations and infinitesimal rotations have no impact on the elastic energy. We will always choose that solution of the elastic equation which has minimal´Ä ¾ µ ´ªµ-norm. Since only ´Ùµ enters the equation for there is still uniqueness in which is the quantity we are mainly interested in (see also Garcke [17] ).
In the following we will assume for simplicity that ª is a polyhedral domain. Generalisations to curved domains are of course possible by using boundary finite elements with curved faces (see e.g. Ciarlet [7] ). For a given triangulation Ì -which we suppose to be regular in the sense of [7] -we choose
and´Ë µ as ansatz-spaces for the finite element approximation of Û, and Ù respectively. Here, we denoted by È ½´Ì µ the set of all affine linear functions on Ì . To write the elastic terms more conveniently we introduce the following scalar product of two matrix-valued functions and :
For later usage we introduce the corresponding norm ¡ Ô ¡ ¡ and the corresponding scalar product with numerical integration ¡ ¡ . The quadrature formula is assumed to be exact for piecewise linear integrands. Furthermore, we use the lumped mass scalar product´ µ instead of the Ä ¾ -scalar product where appropriate.
Using these notation the standard finite element approximation of the elastic part of the problem leads to:
Note that all integrations in the identity above only involve piecewise linear integrands.
Hence, the ¡ ¡ -scalar product could be considered instead of the lumped mass scalar product ¡ ¡ .
As ´ µ ½ we verify for any ³ ¾ À ½ :
Thus, using numerical quadrature the considered semi-discrete approximation scheme reads as follows:
holds for all ³ ¾ Ë and all ¾´Ë µ , and ´Ü ¼µ ¼´Ü µ Ü ¾ ª.
Here, ¼ is assumed to be a suitable approximation of ¼ in Ë . For a fully discrete scheme we need to approximate the time derivative Ø . This will be discussed in detail in Section 4. Introducing the notation Å for the mass matrix, Å for the lumped mass matrix, for the stiffness matrix and defining
are the standard basis functions of Ë and´Ë µ respectively. While AE is the number of nodes of the triangulation Ì . We formulate our semidiscrete scheme in matrix notation, splitting the right hand side into a nonlinear and a linear term:
Here an overhead arrow distinguishes a vector of nodal values from the corresponding finite element function. Since the matrix does not have full rank, the inverse does not exist in the usual sense. Hence, we denote the solution operator of the elastic system -which selects the solution with minimal´Ä ¾ µ ´ªµ-norm -by ½ .
CONVERGENCE OF THE SEMIDISCRETE SCHEME
Let us now consider the convergence properties of semidiscrete solutions of´È µ. We obtain the following theorem that generalizes the convergence results obtained by Elliott, French and Milner [12] for the standard Cahn-Hilliard model. and Ù Ù are assumed to be the solutions with minimal´Ä ¾ µ -norm. 8 We split the error and Ù Ù in three parts:
In order to estimate and Ù we subtract (3.4) from (3.5) and get
for any´³ µ ¾´Ë µ ·½ , since the quadrature formula of the ¡ ¡ -scalar product is assumed to be exact for piecewise constant and piecewise linear functions. Choosing ³ and Ù yields with the properties of the lumped mass scalar product [25] : Ö Ä ¾´ª µ ¾ and
Concerning Ù we note that from (3.6) it follows that: where the right hand side is bounded by , and we achieve
To estimate the Ä ¾ -norm we make use of a standard duality argument [25] . Let´³ µ 3 Ä ¾´ª µµ ·½ which fulfill the solvability conditions 
£
Let us remark that in convex domains À ¾ -regularity results in space hold true, even if the boundary is not smooth. This implies that the assumptions in the theorem hold true if the initial data are sufficiently smooth. Furthermore, we point out that the error estimates are optimal in the sense that with the finite element method an order of convergence better than Ç´ ¾ µ in the Ä ¾ -norm and Ç´ µ in the À ½ -norm cannot be expected anyway. We also note that standard arguments yield corresponding estimates in the Ä ½ -norm. Furthermore, a generalization of these results to more general smooth energies and stress free strains is possible.
DISCRETIZATION IN TIME
In Section 2 we introduced a spatial discretization of the Cahn Hilliard model with elasticity and obtained a system of nonlinear ordinary differential equation (2.6). We will now focus onto an appropriate discretization in time. This scheme is known to be first order consistent (cf. the error estimate below (4.3)). We can improve the consistency order selecting a Crank-Nicolson type discretization. The nonlinear part is approximated by (see also [10, 16] With respect to a proper numerical modelling it is important to guarantee properties known for the continuous solution also for its discrete counterpart. We immediately observe that mass is conserved by both discrete schemes. In the continuous case, the energy turns out to be a Lyapunov functional. The same holds true for the implicit Euler scheme. We obtain that under the assumptions ¼¼ Fig. 2 ).
For the proof, which is a generalization of Elliott's proof [11] of the existence of a Lyapunov functional, we refer to [27] . There an analogous result is proven also for a modified CrankNicolson scheme.
The convergence results presented in Section 3 for the semi-discrete scheme can easily be extended to the implicit Euler and the Crank-Nicolson scheme (see Elliott [11] and Elliott and Larsson [13] for the standard Cahn-Hilliard model). For details on the proof we refer to Weikard [27] . We obtain an error estimate
where is independent of and . Depending on the time discretization × ½ for the implicit Euler and × ¾ for the Crank-Nicolson discretization.
Thus, the backward Euler discretization is only of first order, whereas the Crank-Nicolson scheme delivers a second order discretization in time (cf. estimate (4.3)). Unfortunately the Crank-Nicolson time stepping scheme is not strongly A-stable [25] . Hence, high frequencies components in the function governed by the evolution equation are not smoothed. Phase separation as it occurs in the Cahn-Hilliard model is characterized by significant high frequency contributions, visible at the interfaces. In fact, for larger timesteps, still much smaller than the spatial grid size, oscillations already show up in the implementation of the Crank-Nicolson scheme. Hence, we ask for a second order time discretization which is applicable for our nonlinear evolution problem and which has the strong A-stability property.
The ¢-splitting-scheme, originally proposed by Strang [24] and as an operator splitting scheme by Bristeau, R. Glowinski, and Periaux [3] for the Navier-Stokes-equations has this property for a certain choice of control parameters.
In each timestep we have to successively solve the following three equation in Ò· , Ò·½ , and Ò , for given ¾´¼ ¼ µ:
for a second parameter « ¾´¼ ½℄ to be fixed and for ¬ ½ «.
Choosing ½ Ô ¾ ¾ this scheme is of second order accuracy. For a detailed analysis we refer to Müller-Urbaniak [22] . Here, in the context of Cahn-Hilliard models we confine ourselves to numerical observations. Together with the adaptive grid refinement strategy the ¢-scheme allows to perform calculations of complex configurations in reasonable time. Figure 3 for example shows an interesting effect of temporary negative coarsening. Even without elasticity a long, bar shaped particle splits up into several small, ball shaped particles. After that the usual coarsening of the particles takes place.
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FIGURE 3. Deformation of a bar shaped particle (without elasticity; initial
IMPLEMENTATIONAL ASPECTS AND ADAPTIVE GRIDS
We implemented the numerical schemes described above on a 2d triangular grid, generated by successive refinement of some prescribed macro triangulation.
After assembling the matrices, any timestep requires the solution of several large systems of algebraic equations. In the first and third steps of the -splitting-scheme the system are linear and symmetric. Hence we used the conjugate gradient method with a BPX preconditioning to solve them. However, the second step is nonlinear and so we applied Newton's FIGURE 4. Adaptive grids corresponding to the evolution in Figure 3 14 method. The resulting linear systems are not symmetric and therefore a GMRES-algorithm [26] was applied in each Newton iteration.
For efficiency the calculations were based on an adaptively refined grid. After each timestep local error indicators were calculated heuristically. These error indicators then governed the refinement and coarsening process of the grid. The heuristic strategy was to refine the transition zones while coarsening the phases.
To identify the transition zone several approaches proved to be equally suitable. One could either refine regions where the norm of the gradient of the solution is bigger than a certain threshold, or where the concentration is far form the minima of the nonlinearity . Figure 4 shows the adaptive grid of two timesteps of the evolution shown in Figure 3 .
NUMERICAL RESULTS
In all computational experiments we used the function of (1.1) which has a double well form and the constant was chosen to be ¼ . The gradient energy coefficient in the Cahn-Hilliard equation was set to be ½¼ although in our implementation smaller values of can also be handled. Figure 5 demonstrates the impact of elasticity in the Cahn-Hilliard model. In both calculations the initial value has been one homogeneous phase with a small random perturbation. Whereas in the case without elasticity ball shaped areas evolve after the phase separation has taken place, cubic anisotropic elasticity causes a more rectangular shape of the particles. For the elasticity tensor we chose:
The solution of the elastic system is illustrated in Figure 6 . Starting from a ball shaped initial value the anisotropy can at once be seen in the trace of the strain tensor. The corresponding displacement field is presented in the right subfigure of 6 where the deformation¨ Ü · ¾ Ù´Üµ is "applied" to a chequer pattern. Figure 7 shows the case where ¼. As initial value we chose the evolution shown in the top row of Figure 5 at the time Ø ½ ¼. In this simulation was ½¼ and the elasticity was switched off. Setting ¼ leads even for small timesteps to oscillations that immediately rendered the results meaningless. The oscillation patterns after a small single timestep are shown in the middle Subfigure of Figure 7 . Starting again from the initial value now with elastic effects present leads to stable solutions with sharp interfaces as depicted in the right part of Figure 7 .
Finally, we present some calculations regarding the error estimates proven above. 
